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Abstract
The article is devoted to the study of mappings with finite distortion in metric
spaces. Analogues of results relating to equicontinuity and normality of families of
quasiregular mappings are obtained. It is proved that the indicated families are equicon-
tinuous if the characteristic of the mappings has a finite mean oscillation at each inner
point, and the maps omit a certain fixed continuum. An equicontinuity of generalized
quasiisometries on Riemannian manifolds is also obtained.
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1 Introduction
There are well known conditions under which families of quasiregular mappings are equicon-
tinuous at a given point (see, for example, [MRV, Theorem 3.17], [MSV, Theorem 2.4] and
[Ri, Corollary III.2.7]). Here we are talking about mappings that omit some set of positive
capacity, however, in the case of homeomorphisms, it is possible to confine ourselves to a
two-point set (see [Va, Theorem 19.2]). In particular, the following result holds; see [MRV,
Theorem 3.17].
Theorem (Martio-Rickman-Va¨isa¨la¨). Let n > 2, let 1 6 K < ∞ and let D be a
domain in Rn. Then the family QK,E(D), consisting of all K-quasiregular mappings f : D →
Rn \ E is equicontinuous (normal) in D, if capE > 0.
It is worth noting that the equicontinuity (normality) here should be understood in terms
of the so-called chordal metric, see [Va, Definition 12.1]. Without the requirement capE > 0,
the result is incorrect, as the example of the family of analytic functions fn(z) = z
n, z ∈
B(0, 2) ⊂ C, shows. Note that for some classes of mappings with unbounded characteristic,
similar results were established in [Cr], [RS], [Sev1] and [Sev2]. In this publication, we
show that in abstract metric spaces there is a similar situation: families of mappings that
1
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omit a certain continuum are equicontinuous at every point with appropriate restrictions
on the growth of their characteristics. We separately consider Riemannian manifolds with
isoperimetric inequality, where this statement can be obtained under weaker conditions. In
the latter situation, the main result relates to generalized quasiisometries, that is, mappings
that distort the p-modulus of families of paths according to the Poletsky inequality, where
n − 1 < p < n, and n is the dimension of the manifold. As far as we know, the results
obtained in the article are new even in the quasiconformal case. This applies both to the
case of general metric spaces and to the situation of manifolds.
Consider the following definition. Let X := X ∪∞, and let h : X ×X → R be a metric.
We say that h satisfies the weak sphericalization condition, if (X, h) is a compact metric space
and h(x, y) 6 d(x, y) for every x, y ∈ X. A metric space X is called a space admitting a weak
sphericalization, if there exists a metric h : X ×X → R satisfying the weak sphericalization
condition. There are a number of studies directly devoted to the sphericalization of space,
see, for example, [BB], [BHX], [LSh] and [DCX].
In what follows, (X, d, µ) and (X ′, d ′, µ ′) are metric spaces with metrics d and d ′ and
locally finite Borel measures µ and µ ′, correspondingly. Let G be a domain in X, let Q : G→
[0,∞] be a function measurable with respect to measure µ and p, q > 1 be fixed numbers.
Put
A(ζ0, r1, r2) = {x ∈ X : r1 < d(x, ζ0) < r2} ,
Si = S(ζ0, ri) = {x ∈ X : d(x, ζ0) = ri} .
Similarly to [MRSY, Ch. 7], a mapping f : G → X ′ is called a ring Q-mapping at a point
x0 ∈ G with respect to (p, q)-moduli, if for some r0 = r0(x0) > 0 and for all 0 < r1 < r2 < r0
the inequality
Mp(f(Γ(S(ζ0, r1), S(ζ0, r2), A))) 6
∫
A
Q(x) · ηq(d(x, ζ0)) dµ(x) (1.1)
holds for any measurable function η : (r1, r2)→ [0,∞] with
r2∫
r1
η(r) dr > 1. If p = q, then for
brevity we will call such mappings ring Q-mappings with respect to a p-modulus. For many
well-known mapping classes, estimates of the form (1.1) are established. In particular, the
class of ring Q-mappings includes analytic functions with X = X ′ = C, Q(x) ≡ 1, p = q = 2,
and also quasiregular (quasiconformal) mappings with X = X ′ = Rn, Q(x) 6 K = const
and p = q = n. There are many mappings with unbounded characteristic for which the
estimates (1.1) are also satisfied. In particular, homeomorphisms f ∈ W 1,nloc , for which
f −1 ∈ W 1,nloc ; in this case, Q = KI(x, f) and p = q = n, where KI(x, f) is the inner dilatation
of the map f at the point x (see [MRSY, Theorems 8.1, 8.6]).
Similarly to [MRSY, Section 13.4], we say that a function ϕ : G → R has finite mean
oscillation at a point x0 ∈ G, abbreviated ϕ ∈ FMO(x0), if
lim
ε→0
1
µ(B(x0, ε))
∫
B(x0,ε)
|ϕ(x)− ϕε| dµ(x) <∞ , (1.2)
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where ϕε =
1
µ(B(x0,ε))
∫
B(x0,ε)
ϕ(x) dµ(x) is the mean value of the function ϕ(x) over the ball
B(x0, ε) = {x ∈ G : d(x, x0) < ε} with respect to the measure µ. Here the condition (1.2)
includes the assumption that ϕ is integrable with respect to the measure µ over the ball
B(x0, ε) for some ε > 0. Metric measure spaces where the inequalities
1
C
Rn 6 µ(B(x0, R)) 6
CRn hold for a constant C > 1, every x0 ∈ X and all R < diamX, are called Ahlfors
n-regular. Following [He, section 7.22], given a real-valued function u in a metric space X,
a Borel function ρ : X → [0,∞] is said to be an upper gradient of a function u : X → R if
|u(x)− u(y)| 6
∫
γ
ρ |dx|
for each rectifiable path γ joining x and y in X. Let (X, µ) be a metric measure space and let
1 6 p < ∞. We say that X admits a (1; p)-Poincare´ inequality if there is a constant C > 1
and τ > 1 such that
1
µ(B)
∫
B
|u− uB| dµ(x) 6 C · (diamB)
 1
µ(τB)
∫
τB
ρ p dµ(x)
1/p
for all balls B in X, for all bounded continuous functions u on B, and for all upper gradients
ρ of u. Let X and Y be metric spaces. A mapping f : X → Y is discrete if f −1(y) is discrete
for all y ∈ Y and f is open if f maps open sets onto open sets.
Following [SM], we agree in the following terminology. Given 2 6 α <∞ and 1 6 q 6 α,
the space X = (X, d, µ) is called (α, q)-admissible source, if (X, d, µ) be locally compact and
locally path connected Ahlfors α-regular metric space. Similarly, given 2 6 α ′ < ∞ and
α ′− 1 < p 6 α ′, the space X ′ = (X ′, d ′, µ ′) is called (α ′, p)-admissible target, if (X ′, d ′, µ ′)
be an Ahlfors α ′-regular, path connected, locally connected and locally compact metric space
which supports (1; p)-Poincare´ inequality.
We introduce the class of mappings to which our studies are devoted. Let K be some
continuum in X ′. Denote by Fp,qζ0,Q(G,X
′, K) the family of all open discrete ring Q-mappings
f : G→ X ′\K at the point ζ0 ∈ G with respect to the (p, q)-moduli. The following statement
generalizes Montel’s theorem on the normality of families of flat analytic functions, see [Va,
Theorems 19.4 and 20.5] and [RS, Theorem 5.11].
Theorem 1.1. Let 2 6 α, α ′ < ∞, let α ′ − 1 < p 6 α ′ and 1 6 q 6 α, let (X, d, µ) be
an (α, q)-admissible source and let (X ′, d ′, µ ′) be an (α ′, p)-admissible target. Assume that
Q ∈ FMO(ζ0), and thatX
′ admits a weak sphericalization. Then the family Fp,qζ0,Q(G,X
′, K)
is equicontinuous at ζ0 in the sense of the space (X ′, h).
A metric space is said to be proper if its closed balls are compact sets. A space X is called
Ptolemaic if, for every x, y, z, t ∈ X, we have that
d(x, z)d(y, t) + d(x, t)d(y, z)− d(x, y)d(z, t) > 0 .
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It can be shown that proper Ptolemaic spaces admit weak sphericalization, where as h it is
necessary to consider the metric
hx0(x, y) :=
d(x, y)√
1 + d2(x, x0)
√
1 + d2(y, x0)
, (1.3)
hx0(x,∞) =
1√
1 + d2(x0, x)
,
and x0 ∈ X is some fixed point (see [SM, Lemma 5.4]). IfX = R
n and x0 = 0, then the metric
hx0 , defined in (1.3), determines the distance between the projections of the points on the
Riemann sphere (in this case, it is called a chordalmetric, see [Va, Definition 12.1]). Note that
the space Rn is Ptolemaic, see [B, Proposition 10.9.2], cf. [DP]. We define Fp,qQ (G,X
′, K) as
a family of mappings f : G→ X ′, belonging to Fp,qζ0,Q(G,X
′, K) for each ζ0 ∈ G. Taking into
account the above, from Theorem 1.1 and the Arzel–Ascoli theorem (see [Va, Theorem 20.4]),
we obtain the following statement.
Corollary 1.1. Let 2 6 α, α ′ < ∞, let α ′ − 1 < p 6 α ′ and 1 6 q 6 α, let (X, d, µ)
be an (α, q)-admissible source and let (X ′, d ′, µ ′) be an (α ′, p)-admissible target. Assume
that Q ∈ FMO(ζ0) for all ζ0 ∈ G, (X, d, µ) is separable and (X
′, d ′, µ ′) is Ptolemaic and
proper. Then Fp,qQ (G,X
′, K) is a normal family of mappings in G in the sense of the space
(X ′, hx0).
2 The main lemma and proof of Theorem 1.1
As usually, given a path γ : [a, b]→ X, we set
|γ| := {x ∈ X : ∃ t ∈ [a, b] : γ(t) = x} .
Recall that a pair E = (A, C) , where A is an open set in X, and C ⊂ A is a compact set,
is called condenser in X. Given p > 1, a quantity
cappE = Mp(ΓE) (2.1)
is called p-capacity of E, where ΓE be the family of all paths of the form γ : [a, b)→ A with
γ(a) ∈ C and |γ| ∩ (A \ F ) 6= ∅ for every compact set F ⊂ A. The following most important
statement is proved in [SM, Lemma 3.3].
Lemma 2.1. Let α > 2, let α − 1 < p 6 α, and let X be (α, p)-admissible target.
Suppose that X admits a weak sphericalization and F is nondegenerate continuum in X.
Now, for every a > 0 there exists δ > 0 for which the condition
capp (X \ F, C) > δ
holds for any continuum C ⊂ X \ F with h(C) > a.
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The following lemma contains the statement of Theorem 1.1 in the case when the function
Q from the definition of the class Fp,qζ0,Q(G,X
′, K) satisfies the most general formal conditions.
Lemma 2.2. Let 2 6 α, α ′ < ∞, let α ′ − 1 < p 6 α ′ and 1 6 q 6 α, let (X, d, µ) be
an (α, q)-admissible source and let (X ′, d ′, µ ′) be an (α ′, p)-admissible target. Suppose that
ε0 > 0 and ψ : (0, ε0)→ [0,∞] is a Lebesgue measurable function that satisfies the following
condition: for every ε2 ∈ (0, ε0] there is ε1 ∈ (0, ε2] such that for every ε ∈ (0, ε1)
0 < I(ε, ε0) :=
ε0∫
ε
ψ(t) dt <∞ ∀ ε ∈ (0, ε1) . (2.2)
Suppose also that ∫
ε<d(x,ζ0)<ε0
Q(x) · ψq(d(x, ζ0)) dµ(x) = o(I
q(ε, ε0)) , (2.3)
and that X ′ admits a weak sphericalization. Then the family Fp,qζ0,Q(G,X
′, K) is equicontin-
uous at ζ0 in the sense of the space (X ′, h).
Proof. Since the space X is locally compact, we may assume that B(ζ0, ε0) is a compact
in G. Let β : [a, b) → X ′ and let x ∈ f −1(β(a)). Since X and X ′ are locally compact, X
is locally connected, and f : D → X ′ is discrete and open, there is a maximal f -lifting of β
starting at x, see [SM, Lemma 2.1]. In this case, , setting S1 = S(ζ0, ε), S2 = S(ζ0, ε0), and
arguing similarly to the proof of [Sev3, Lemma 3], we obtain that
Mp(Γ(f(B(ζ0, ε)), ∂f(B(ζ0, ε0)), X
′)) = α(ε)→ 0 , ε→ 0 , (2.4)
0 < ε < ε ′0, where A = A(ζ0, ε, ε0) = {x ∈ X : ε < d(x, ζ0) < ε0} , and I is defined in (2.2).
Consider a condenser E = (A,C), A = B (ζ0, ε0) , C = B(ζ0, ε). Then, in terms of the
capacity of the condenser E , the relation (2.4) can be rewritten as
capp fE = α(ε)→ 0 , ε→ 0 . (2.5)
On the other hand, by Lemma 2.1 for each a > 0 there exists δ = δ(a) such that the relation
capp (X
′ \K, C) > δ . (2.6)
is fulfilled for any arbitrary continuum C ⊂ X ′ \K, satisfying the condition h(C) > a. The
estimate (2.5) implies that for δ = δ(a) there is ε∗ = ε∗(a) such that
capp fE 6 δ ∀ ε ∈ (0, ε∗(a)) . (2.7)
Using the relation (2.7), we obtain that
capp
(
X ′ \K, f
(
B(ζ0, ε)
))
6
6 capp
(
f (B(ζ0, ε0)) , f
(
B(ζ0, ε)
))
< δ
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for ε ∈ (0, ε∗(a)) . Then it follows from (2.6) that h
(
f
(
B(ζ0, ε)
))
< a. Finally, for any
a > 0 there exists ε∗ = ε∗(a) such that h
(
f
(
B(ζ0, ε)
))
< a whenever ε ∈ (0, ε∗(a)) . The
lemma is proved. ✷
The proof of Theorem 1.1 immediately follows from Lemma 2.2 and [Sev3, Proposi-
tion 2]. ✷
3 Auxiliary information from the theory of metric spaces
and manifolds
As we said above, another important result of the article relates to Riemannian manifolds.
Recall that the length of a piecewise smooth path γ = γ(t), t ∈ [a, b], joining points con-
necting points γ(a) = M1 ∈ M
n and γ(b) = M2 ∈ M
n on the Riemannian manifold Mn is
determined by the relation
l(γ) :=
b∫
a
√√√√ n∑
i,j=1
gij(x(t))
dxi
dt
dxj
dt
dt , (3.1)
where g = gij(x) is a smooth positive definite tensor of type (0, 2) on a manifold (Riemannian
metric). In other words, g = gij(x) is a system of matrices that in various coordinate systems
are connected by the relation ′gij(x) =
n∑
k,l=1
gkl(y(x))
∂yk
∂xi
∂yl
∂xj
. Geodetic distance between points
p1 and p2 ∈M
n will be called the shortest length of all piecewise smooth paths in Mn, joining
the points p1 and p2. Geodesic distance between points p1 and p2 will be denoted by d(p1, p2).
In these terms, it also makes sense
l(γ) := sup
m∑
i=1
d(γ(ti), γ(ti−1)) , (3.2)
where sup is taken over all possible partitions a = t0 6 t1 6 . . . 6 tm := b. So, we have ”two
definitions” for l(γ), (3.1) and (3.2), one of which, corresponding to (3.2), suits for arbitrary
curves, not just piecewise smooth. In this regard, the following remark must be made.
Remark 3.1. For piecewise smooth paths γ : [a, b] → Mn, belonging to the connected
Riemannian manifold Mn, the quantities defined by the relations (3.1) and (3.2), coincide
(see [Bur, Theorem 2.2]).
Lemma 3.1. Let (X, d) be a proper metric space. Then (X, d) is complete.
Proof. Indeed, let xm, m = 1, 2, . . . , be a fundamental sequence in X. Then for ε = 1
there is a positive integer M > 1 such that d(xm, xl) < 1 for all m, l > M. In this case,
xl ∈ B(xM , 1), l > M. Since the space X is proper, the closure of any ball B(a, r) is a
compact in X.Moreover, since all elements of the sequence {xm}
∞
m=1 (except a finite number)
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belong to the ball B(xM , 1), there exists a subsequence xmk of the sequence xm converging
to some element x0 ∈ X as k →∞.
Since the sequence xm, m = 1, 2, . . . is fundamental, for an arbitrary ε > 0 there is
a number N = N(ε) such that d(xm, xl) < ε/2 for all m, l > N. Moreover, due to the
convergence of xmk to x0 as k → ∞, for some K = K(ε) and all k > K, we obtain that
d(xmk , x0) < ε/2. Using these two inequalities, by the triangle inequality we obtain that
d(xl, x0) 6 d(xl, xmk) + d(xmk , x0) < ε/2 + ε/2 = ε for l, k > max{K,N}, i.e., the sequence
xm converges as m→∞ to x0. ✷
Recall that a metric space (X, d) is called geodesic if any two points x1, x2 ∈ X can be
joined by a rectifiable path γ : [0, 1]→ X, γ(0) = x1 and γ(1) = x2, whose length coincides
with d(x1, x2). The following lemma holds, cf. [He, Remark 9.11].
Lemma 3.2. Let Mn, n > 2, be a Riemannian manifold with a geodesic metric d, which
is a connected and proper space. Then the space Mn is a geodesic.
Proof. By Lemma 3.1, Mn is a complete Riemannian manifold, which means that for any
two points p1, p2 ∈ M
n there is a piecewise smooth path γ path joining these points whose
length coincides with d(p1, p2) in the sense of (3.1), see [Lee, Corollary 6.15]. Moreover, this
length coincides with the length of γ, understood in the sense of a metric space and defined
by the formula (3.2) (see Remark 3.1). The lemma is completely proved. ✷
The following result holds (see [AS, Proposition 4.7]).
Proposition 3.1. Let X be a Q-Ahlfors regular metric measure space that supports
(1; p)-Poincare´ inequality for some p > 1 such that Q − 1 < p 6 Q. Then there exists a
constant C > 0 having the property that, for x ∈ X, R > 0 and continua E and F in
B(x,R),
Mp(Γ(E, F,X)) >
1
C
·
min{diamE, diamF}
R1+p−Q
.
4 On normal families of generalized quasiisometries in
spaces with isoperimetric inequality
We consider separately the possibility of n − 1 < p < n, that is, we exclude the case p = n
from consideration. If we are talking about n-dimensional Euclidean space, the corresponding
families of mappings are equicontinuous even without the assumption of omitting some set
E, see [GSS, Theorem 1.1]. We now show that something similar is true for Riemannian
manifolds with isoperimetric inequality. These inequalities are well known in the Euclidean
case (see, for example, [Fe, Section 3.2.43]). Here we restrict ourselves to the consideration of
families of homeomorphisms. Everywhere below d and d∗ are geodesic distances on connected
Riemannian manifoldsMn andMn∗ , respectively, and dv and dv∗ are volume elements on these
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manifolds. The concepts associated with their study, we consider known (they can be found,
for example, in [Lee], cf. [IS1]).
In what follows, p-capacity of the condenser E = (A,C) in Mn (or Mn∗ , depending on the
context) is defined by the relation (2.1). It is worth noting that on manifolds this definition
coincides with the well-known definition of capacity through the integral of the gradient (see,
for example, [Ri, Proposition II.10.2 and Remark II.10.8]). We now require the following
additional condition on the Riemannian manifold Mn∗ with the geodesic distance d∗ and the
measure of volume v∗. Denoting by H
n−1(B) the (n− 1)-dimensional Hausdorff measure of
the measurable set B ⊂Mn∗ , we assume that for any open set A ⊂M
n
∗ with compact closure
and smooth boundary, the condition
Hn−1(∂A) >
c
(v∗(A))1/n−1
(4.1)
holds for some constant c > 0. The condition (4.1) is called isoperimetric inequality on Mn∗ .
In this case, by [Gr, inequalities (1.7) and (4.1)], the estimate
capp(A,C) > C
′ · (v∗(C))
1−p/n . (4.2)
holds for any condenser E = (A,C) in Mn∗ .
Let G be a domain of a Riemannian manifold Mn, n > 2, and let Q : G → [0,∞] be
a measurable function. Denote by Fpζ0,Q(G,M
n
∗ ) the family of all ring Q-homomorphisms
f : G → X ′ at ζ0 ∈ G with respect to the p-modulus. The following result holds, cf. [GSS,
Lemma 2.4].
Lemma 4.1. Let Q : G → (0,∞] be a function measurable with respect to measure v,
n − 1 < p < n, and the Riemannian manifold Mn∗ be considered as a metric space with a
geodesic metric d∗, is (n, p)-admissible target. In addition, assume that M
n
∗ is a proper space
in which the isoperimetric inequality (4.1) is fulfilled. Suppose that the conditions (2.2)–
(2.3) are satisfied, where q = p. Then the family Fpζ0,Q(G,M
n
∗) is equicontinuous at ζ0, where
equicontinuity is understood in the sense of the space (Mn∗ , d∗).
Proof. I. Suppose the contrary, namely, suppose that the family Fpζ0,Q(G,M
n
∗ ) is not
equicontinuous at some point ζ0 ∈ G. Then there is δ0 > 0 and sequences ζm ∈ G, fm ∈
F
p
ζ0,Q
(G,Mn∗ ) such that ζm → ζ0 as m→∞ and
d∗(fm(ζm), fm(ζ0)) > δ0 . (4.3)
In this case, we fix two points x1, x2 ∈ M
n
∗ , x1 6= x2 in an arbitrary way. Without loss of
generality, we may assume that B1 := B(x1, δ0/3) and B2 := B(x2, δ0/3) are compact in
Mn∗ and δ0 < d∗(x1, x2). (Otherwise, we may put δ
∗
0 := d∗(x1, x2)/2. Then we obtain an
inequality similar to (4.3), in which δ0 is replaced by δ
∗
0 . In this situation, δ
∗
0 < d∗(x1, x2)).
By the triangle inequality
d∗(B1, B2) > δ0/3 . (4.4)
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Since Mn∗ is Ahlfors n-regular, there exists some constant C˜ > 0, depending only on M
n
∗ such
that
v∗(Bi) > C˜ · δ
n
0 , i = 1, 2 . (4.5)
II. Consider the condenser E = (A, C), where A = B (ζ0, ε0) , C = B(ζ0, ε) and 0 < ε <
ε0. Without loss of generality, we may assume that C belongs to some normal neighborhood
of ζ0 and, in particular, the sets B(ζ0, ε) = {x ∈ M
n
∗ : d(x, ζ0) < ε} and S(ζ0, ε) = {x ∈M
n
∗ :
d(x, ζ0) = ε} are path connected for all ε ∈ (0, ε0). (The definition of normal neighborhoods
of a point can be found, for example, in [Lee, Proposition 5.11]).
Arguing as in the proof of Lemma 2.2, we conclude that the relation (2.4) holds for p = q
and X ′ = Mn∗ . This implies that
capp f(E) 6 α(ε) ∀ ε ∈ (0, ε0), f ∈ F
p
ζ0,Q
(G,Mn∗ ), α(ε)
ε→0
→ 0 .
On the other hand, by (4.1), in view of the above remarks, (4.2) also holds. Consequently,
α(ε) > capp f(E) > C
′ · [v∗(f(C))]
n−p
n ∀ f ∈ Fpζ0,Q(G,M
n
∗ ) .
From the last relation it follows that
v∗(f(C)) 6 α1(ε) ∀ f ∈ F
p
ζ0,Q
(G,Mn∗ ) ,
where α1 is some function such that α1(ε)→ 0 as ε→ 0. Therefore,
v∗(f(B(ζ0, ε1))) 6 C˜ · δ
n
0 /2 ∀ f ∈ F
p
ζ0,Q
(G,Mn∗ ) (4.6)
for some ε1 > 0.
III.Denote A1 := B(ζ0, ε1), C1 := B(ζ0, ε) and consider another condenser E1 = (A1, C1) =
(B(ζ0, ε1), B(ζ0, ε)), where 0 < ε < ε1. From the conditions (2.2)–(2.3), taking into account
the analogue of the Fubini theorem on Riemannian manifolds, we conclude that the integral
in (2.3) does not tend to zero for small values of ε > 0, see [IS1, Theorem 2.1]. At the same
time, we also took into account that Q(x) > 0 almost everywhere by the condition of the
lemma. Therefore, I(ε, ε0) → ∞ as ε → 0. It follows that the relations (2.2)–(2.3) remain
valid if we replace ε0 with ε1 ∈ (0, ε0).
Then, arguing as in paragraph II, we conclude that
capp f(E1) = capp (f(B(ζ0, ε1)), f(B(ζ0, ε))) 6
6 α2(ε) ∀ ε ∈ (0, ε0), ∀ f ∈ F
p
ζ0,Q
(G,Mn∗ ), α2(ε)
ε→0
→ 0 . (4.7)
IV. Note that both in the ball B1, and in the ball B2, there are points zm ∈ B1, wm ∈ B2,
such that zm, wm 6∈ fm(A1), which directly follows from the relations (4.5) and (4.6), see
Figure 1. We show that points zm, wm may be joined by a path βm such that βm(t) 6∈ fm(A1)
for all t ∈ [0, 1] and, moreover, βm(t
m
0 ) ∈ ∂fm(A1)∩B(fm(ζ0), δ0) for some t
m
0 ∈ (0, 1), where
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x1
x2
zm
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f Am 1( )
B1
B2
0
0
0/3
0/3
fm( )0
qm
f pm m( )
fm m( )g
m
Figure 1: To the proof of Lemma 4.1
B(fm(ζ0), δ0) = {x ∈ M
n
∗ : d∗(x, fm(ζ0)) < δ0}. By virtue of the Ahlfors regularity of the
space Mn∗ , the condition
v∗(B(fm(ζ0), δ0)) > C˜ · δ
n
0 , (4.8)
is fulfilled with some constant C˜ > 0 in (4.6). Due to (4.6) and (4.8) there is at least one
point pm ∈ (M
n
∗ \ fm(A1)) ∩ B(fm(ζ0), δ0). Since the manifold M
n
∗ is connected, the points
fm(ζ0) and pm can be joined by the path ∆m : [0, 1] → M
n
∗ such that ∆m(0) = fm(ζ0),
∆m(1) = pm; in this case, since the space M
n
∗ is geodesic (see Lemma 3.2), the path ∆m
may be chosen so that its length is d∗(fm(ζ0), pm), where d∗(fm(ζ0), pm) < δ0. Therefore,
|∆m| ⊂ B(fm(ζ0), δ0). Since the path ∆m is not entirely in M
n
∗ \ fm(A1), or fm(A1), by [Ku,
Theorem 1.I.5.46] there is a point
qm ∈ ∂fm(A1) ∩ |∆m| ⊂ B(fm(ζ0) .δ0) (4.9)
Now join the points zm and wm by the path γm : [0, 1]→M
n
∗ : γm(0) = zm, γm(1) = wm. At
the same time, the path γm may be chosen so that γm(1/2) = qm due to the connectedness
of the manifold Mn∗ . If, in this case, the path γm does not belong to fm(A1), we may put
βm := γm.
However, let there be at least one point p ∈ |γm|∩fm(A1). Then by [Ku, Theorem 1.I.5.46]
there is ω ∈ |γm| ∩ ∂fm(A1). We put
am = inf
t∈[0,1],γm(t)∈∂fm(A1)
t , bm = sup
t∈[0,1],γm(t)∈∂fm(A1)
t .
Obviously, 0 < am 6 bm < 1 and γm(am), γm(bm) ∈ ∂fm(A1). Since fm is a homeomorphism
of a domain G onto some domain fm(G) and B(ζ0, ε0) ⊂ G, there are unique points pm, km
and gm ∈ S(ζ0, ε1) such that fm(pm) = γm(am), fm(km) = qm and fm(gm) = γm(bm). By
virtue of the remarks made at the beginning of the proof of the lemma, the sphere S(ζ0, ε1)
is a path connected set, therefore the points pm, km and gm may be pairwise joined by a path
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αm : [am, bm]→M
n such that αm(t) ∈ S(ζ0, ε0), t ∈ [am, bm], while αm(t
m
0 ) = km = f
−1
m (qm)
for some tm0 ∈ [am, bm]. Therefore, the path
βm(t) =
{
γm(t), t ∈ [0, am] ∪ [bm, 1] ,
fm(αm(t)), t ∈ [am, bm]
is the desired path, namely, βm join the points wm and zm in M
n
∗ \ fm(A1), besides, βm takes
qm from (4.9) for some t = t
m
0 .
V. So, the path βm(t) is constructed. Now, based on the path βm(t), we construct some
new path βm as follows. If the set |βm| entirely belongs to B(qm, δ0), we put βm := βm. Note
that d∗(|βm|) > δ0/3, which follows from (4.4). Suppose that there is a point t
m
1 ∈ [0, 1]
such that βm(t
m
1 ) 6∈ B(qm, δ0). Then, by the connectedness of the path βm, there is a point
t∗m2 ∈ [0, 1] such that βm(t
∗m
2 ) ∈ S(qm, δ0), see [Ku, Theorem 1.I.5.46]. Then we define βm
as a subpath of βm, joining the points qm and βm(t
∗m
2 ) inside the ball B(qm, δ0). Obviously,
the geodesic diameter d∗ of βm is not less than δ0.
Using reparameterization, if necessary, we may assume that the path βm is defined for
t ∈ [0, 1]. Thus, we have established the existence of a path βm : [0, 1]→ M
n
∗ , which has the
following properties:
1) the condition βm(t) ∈M
n
∗ \ fm(A1) holds for all t ∈ [0, 1];
2) the following lower estimate holds:
d∗(|βm|) > δ0/3 , (4.10)
where d∗(|βm|), as usual, means the geodesic diameter of the set |βm| ⊂M
n
∗ ;
3) there is an inclusion:
|βm| ⊂ B(qm, δ0) . (4.11)
Note that the inclusion (4.11) implies another more important relation, namely, let x ∈
|βm|,then by the triangle inequality d∗(x, fm(ζ0)) 6 d∗(x, qm)+d∗(qm, fm(ζ0)) 6 2δ0, see (4.9).
Thus,
|βm| ⊂ B(fm(ζ0), 2δ0) . (4.12)
VI. Further reasoning is related to the use of Proposition 3.1. From the lower estimate
of the p-modulus, we obtain a contradiction with the assumption made in (4.3). Denote
εm := d(ζm, ζ0). Recall that εm → 0 as m→∞. Join the points ζ0 and ζm involved in (4.3)
by the path κm : [0, 1]→ B(ζ0, εm), which is possible because closed balls B(ζ0, εm) belong to
some normal neighborhood of ζ0, and, therefore, B(ζ0, εm) are path connected for all m ∈ N.
Let
tm := {sup t : t ∈ [0, 1], fm(κm(t)) ∈ B(ζ0, δ0)} .
Let ηm = fm(κm)|[0,tm] be part of a path fm(κm), located in the ball B(fm(ζ0), δ0). Note that
|ηm| is a continuum in B(fm(ζ0), δ0) ⊂M
n
∗ , and that
d∗(|ηm|) > δ0 , (4.13)
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where, as usual, d∗(|ηm|) denotes the geodesic diameter of the set |ηm| in M
n
∗ , and |ηm| is the
locus (image) of the path ηm.
Now we apply Proposition 3.1 for E = |ηm|, F = βm, X = M
n
∗ and R = 2δ0. By
(4.10), (4.12) and (4.13), we obtain that F,E ⊂ B(fm(ζ0, 2δ0)), d∗(E) > δ0 и d∗(F ) > δ0/3.
Therefore, by Proposition 3.1
Mp(Γ(E, F,M
n
∗)) >
1
C˜
·
min{d∗(E), d∗(F )}
(2δ0)1+p−n
>
1
C˜
·
min{δ0, δ0/3}
(2δ0)1+p−n
:= C0 > 0 . (4.14)
On the other hand, by [Ku, Theorem 1.I.5.46] and using the properties of the modulus of
the families of paths, we obtain that
Γ(F, fm(B(ζ0, εm)),M
n
∗) > Γ(∂fm(A1), fm(B(ζ0, εm)), fm(A1)) ,
because F = βm(t) ∈ M
n
∗ \ fm(A1) for t ∈ [0, 1]. In addition, since by construction E =
|ηm| ⊂ fm(B(ζ0, εm)), then
Γ(E, F,Mn∗) ⊂ Γ(F, fm(B(ζ0, εm)),M
n
∗ ) .
We obtain from the last two relations and from (4.14) that
0 < C0 6Mp(Γ(E, F,M
n
∗)) 6Mp(Γ(∂fm(A1), fm(B(ζ0, εm)), fm(A1))) =
= capp (f(B(ζ0, ε1)), fm(B(ζ0, εm))) ,
where the constant C0 depends only on δ0, C˜, n and p. However, the last relation contra-
dicts (4.7). The resulting contradiction indicates the incorrectness of the assumption in (4.3),
which proves the lemma. ✷
On the basis of Lemma 4.1, the main results of the section can be formulated. Their
connection with Lemma 4.1 is established on the basis of the approach outlined in the proof
of [IS2, Theorems 1.1, 2.1 and 2.2], cf. [Sev3, Proposition 2], and therefore details are omitted.
Theorem 4.1.Let Q : G → (0,∞] be a function measurable with respect to measure v,
n − 1 < p < n, and the Riemannian manifold Mn∗ be considered as a metric space with a
geodesic metric d∗, is (n, p)-admissible target. In addition, assume that M
n
∗ is a proper space
in which the isoperimetric inequality (4.1) is fulfilled. Suppose that Q ∈ FMO(ζ0). Then
the family Fpζ0,Q(G,M
n
∗ ) is equicontinuous at ζ0, where equicontinuity is understood in the
sense of the space (Mn∗ , d∗).
Theorem 4.2. The conclusion of Theorem 4.1 remains valid if under the conditions
of this theorem, instead of the requirement Q ∈ FMO(ζ0), we assume that the relation
δ(x0)∫
ε
dr
r
n−1
p−1 q
1
p−1
x0
(r)
<∞ holds for some δ(x0) > 0 and sufficiently small ε > 0, while
δ(x0)∫
0
dr
r
n−1
p−1 q
1
p−1
x0 (r)
=∞ (4.15)
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and qx0(r) :=
1
rn−1
∫
S(x0,r)
Q(x) dA.
Theorem 4.3. The conclusion of Theorem 4.1 remains valid if under the conditions
of this theorem, instead of the requirement Q ∈ FMO(ζ0), we assume that Q ∈ L
s
loc(R
n),
where s > n
n−p
.
5 Examples
Example 1. Consider, first of all, the family of analytic functions fn(z) = e
nz, n ∈ N. Note
that this family of mappings is not equicontinuous at the point z0 = 0. In this regard, let
us specify which of the conditions of Theorems 1.1 and 4.1 are violated here. First of all,
fn are ring Qn-maps in the whole complex plane for Qn(z) ≡ 1, see e.g. [Pol, Theorem 2],
cf. [MRSY, Theorems 8.1, 8.6]. Moreover, fn are a ring Qn-maps with respect to p-modulus,
1 < p 6 2, for KI,p(z, fn) = Qn(z) = n
2−p|enz|2−p, see [SalSev, Theorem 1.1]. Here, of course,
the role of measures µ and µ ′ is performed by the Lebesgue measure on the complex plane.
The function KI,p(x, f) used above, is calculated by the formula
KI,p(x, f) =

|J(x,f)|
(l(f ′(x)))p
, J(x, f) 6= 0,
1, f ′(x) = 0,
∞, otherwise
,
where J(x, f) = det f ′(x) and l(f ′(x)) = min
h∈Rn\{0}
|f ′(x)h|
|h|
.
Note that, in the case p = 2, the function Q ≡ 1 has a finite mean oscillation at each
point of the complex plane. However, Theorem 1.1 may not be applicable to the family of
mappings {fn}
∞
n=1, since these maps do not omit any fixed continuum K in C. The situation
does not change, if we consider the same family of mappings in a certain bounded subdomain
of the complex plane.
Since the omitting of some continuum K is not required under the conditions of Theo-
rem 4.1, we consider separately the case p < 1 < 2. One could put here M2 = M2∗ = C
and d(x, y) = d∗(x, y) = |x − y|, x, y ∈ C. However, in this case, another condition of this
theorem is violated, namely, the functions Qn do not have a common majorant Q that has
a finite mean oscillation at 0. It is easy to see that all the other conditions of Theorem 4.1
are satisfied.
Example 2. For fixed 1 < q < 2, consider the family of mappings fm(x) =
(
x1
m
, x2
mq
)
, m =
1, 2, . . . , z = (x1, x2) ∈ D, D = {z ∈ R
2 : |z| < 1}. Notice, that fm are homeomorphisms of
the unit disk into itself, wherein, J(z, fm) =
1
mq
and l(f ′m(x)) =
1
m
. By [SalSev, Theorem 1.1]
fm a ring Qm-homeomorphisms with respect to p-modulus for Qm = KI,p(z, fm) = m
p−q.
It is clear from the definition that the family {fm}
∞
m=1 is equicontinuous, say, at the point
0, however, this conclusion cannot be obtained from Theorem 1.1 or 4.1 if we apply these
theorems for the exponent p = α = α ′ = 2. Namely, the functions Qm obviously do not have
a common majorant of the corresponding class.
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However, this result can be obtained from the same theorems by setting p to be less than
q. Then we may put Q(x) ≡ 1, since Qm(x) 6 1 everywhere in D.
Example 3. Consider the family of mappings from Example 2, with the difference that
we define mappings fm in the entire space R
2. In this case, the equicontinuity of the family
{fm}
∞
m=1 at 0 cannot be directly obtained from Theorem 1.1, since the mappings do not omit
any continuum K in R2. However, this result directly follows from Theorem 4.1, in this case,
since the maps fm are homeomorphisms.
Example 4. Fix a number p > 1 satisfying the condition n/p(n − 1) < 1. Put α ∈
(0, n/p(n− 1)). We define the sequence of homeomorphisms fm of the unit ball onto B(0, 2)
as follows:
fm(x) =
{
1+|x|α
|x|
· x , 1/m 6 |x| < 1,
1+(1/m)α
(1/m)
· x , 0 < |x| < 1/m .
Put Bn = {x ∈ Rn : |x| < 1}. Note that fm a ring Q-homemorphisms with respect to
n-modulus for Q =
(
1+|x|α
α|x|α
)n−1
and for each ζ0 ∈ Bn, moreover, Q ∈ L
p(Bn), see, e.g. [Sev4,
proof of Theorem 7.1]. Note that F = {fm}
∞
m=1 is not equicontinuous in B
n. Indeed, |fm(xm)−
f(0)| = 1+1/m→ 1 as m→∞, where |xm| = 1/m. The reason for the latter circumstance,
as well as the impossibility of applying Theorems 1.1 and 4.1, is that Q does not belong to
the FMO class at ζ0 = 0.
Example 5. Let D be the unit disk on the plane. The hyperbolic distance in D is given
by the formula
h˜(z1, z2) = log
1 + t
1− t
, t =
|z1 − z2|
|1− z1z2|
,
while the hyperbolic area of a set S in D is calculated as the integral h˜(S) =
∫
S
4 dm(z)
(1−|z|2)2
, see
e.g. [RV, (2.4)–(2.5)]. Given a Borel function ρ : D → [0,∞], a Lebesgue measurable set
S ⊂ D and a locally rectifiable path γ : (a, b)→ D we set∫
S
ρ(z) dh˜(z) :=
∫
S
4ρ(z) dm(z)
(1− |z|2)2
,
∫
γ
ρ(z) dsh˜(z) :=
∫
γ
2ρ(z) |dz|
1− |z|2
.
Note that the metric space space (D, h˜) is not regular by Ahlfors, although it is regular from
below, see [He, Example 8.24(c) and Proposition 8.19]. Fix r0 > 0 and note that the space
(B(0, r0), h˜) with hyperbolic area is Ahlfors 2-regular, where B(z0, r) = {z ∈ C : |z−z0| < r}.
Indeed, using the notation Bh˜(z0, r) = {z ∈ D : h˜(z, z0) < r}, we obtain that
B(z0, C2r) ⊂ Bh˜(z0, r) ⊂ B(z0, C1r) , (5.1)
where C1 and C2 are some positive constants depending on r0. We also note that the hyper-
bolic area h˜ is related to the Lebesgue measure on the complex plane by the relations
C4 ·m(E) 6 h˜(E) 6 C3 ·m(E) (5.2)
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whenever E ⊂ B(z0, r0) and C3 and C4 are some positive constants depending on r0. In this
case, the Ahlfors regularity of the space (B(0, r0), h˜) follows from relations (5.1) and (5.2), as
well as the fact that ordinary Euclidean balls are Ahlfors regular, see [He, Example 8.24(a)
and Proposition 8.19].
Now consider the following family of mappings
fm(x) =
{
1+|x|α
|x|
· x , 1/m 6 |x| < r0,
1+(1/m)α
(1/m)
· x , 0 < |x| < 1/m .
We will consider fm, m = 1, 2, . . . , as mappings acting between spaces (B(0, r0), h˜) and
(C, | · |), where | · | corresponds to the Euclidean distance, (B(0, r0), h˜) equipped with the
hyperbolic area, and (C, | · |) equipped with the Lebesgue measure. According to [Sev5,
Remark 5.2], the mappings fm are ring Q-maps for Q =
(
1+|x|α
α|x|α
)n−1
at 0 with respect to
2-modulus. Here we are talking about ring Q-mappings in terms of the specified spaces
(B(0, r0), h˜) and (C, | · |), that is, with respect to the corresponding metrics and measures.
As we noted in Example 4, the family of mappings fm is not equicontinuous. In the same
time, all conditions on the spaces involved in Theorem 1.1, are fulfilled, including the Ahlfors
regularity of the space (B(0, r0), h˜). It can be shown that Q 6∈ FMO(0) in terms of the metric
and measure of this space.
Example 6. To obtain a family of mappings that are equicontinuous at 0, in Example 4
one could set
gm(x) =

x
|(m−1)/m| log e
(m−1)/m
, x ∈ Bn ∩ B(0, (m− 1)/m),
x
|x| log e
|x|
, x ∈ Bn \B(0, (m− 1)/m)
,
where Bn = {x ∈ Rn : |x| < 1}. It can be shown that gm are ring Q-maps with re-
spect to the n-module, where Q(x) = logn−1 e
|x|
, see the reasoning used in the consideration
of [MRSY, Proposition 6.3]. The equicontinuity of this family at zero can be obtained by
direct calculations, however, it also follows from Lemma 4.1. In particular, the existence of
the corresponding function ψ follows from [MRSY, Lemma 7.3], while the divergence of the
integral of the form (4.15) for Q(x) = logn−1 e
|x|
is directly verified.
It is also easy to indicate a similar family of mappings inside the unit disk with a hyperbolic
metric and a hyperbolic area.
References
[AS] Adamowicz, T. and N. Shanmugalingam: Non-conformal Loewner type estimates for
modulus of curve families. - Ann. Acad. Sci. Fenn. Math. 35, 2010, 609—626.
[B] Berger, M.: Geometry I. - Springer-Verlag, New York etc., 1987.
[BB] Balogh, Z.M. and S.M. Buckley: Sphericalization and flattening. - Conf. geometry and
dynamics 9, 2005, 76-–101.
ON EQUICONTINUOUS FAMILIES ... 16
[BHX] Buckley, S.M., D.A. Herron and X. Xie: Metric Space Inversions, Quasihyperbolic
Distance, and Uniform Spaces. - Indiana University Mathematics Journal 57:2, 2008, 837–890.
[Bur] Burtscher Annegret, Y.: Length structures on manifolds with continuous Riemannian
metrics. - New York J. Math., 21, 2015, 273–296.
[LSh] Li, X. and N. Shanmugalingam: Preservation of Bounded Geometry under Sphericaliza-
tion and Flattening. - Indiana University Mathematics Journal 64:5, 2015, 1303–1341.
[DP] Dovgosheiˇ, A.A.; E.A. Petrov: Ptolemaic spaces. - Siberian Mathematical Journal 52:2,
2011, 222—229.
[DCX] Durand-Cartagena, E. and X. Li: Preservation of bounded geometry under spheri-
calization and flattening: quasiconvexity and ∞-Poincare´ inequality. - Ann. Acad. Sci. Fenn.
Math. 42, 2017, 303-–324.
[Fe] Federer, H.: Geometric Measure Theory. - Springer, Berlin etc., 1969.
[Cr] Cristea, M.: Open discrete mappings having local ACLn inverses. - Complex Variables and
Elliptic Equations 55:1–3, 2010, 61–90.
[GSS] Golberg, A., R. Salimov, and E. Sevost’yanov: Normal Families of Discrete Open
Mappings with Controlled p-Module. - Contemporary Mathematics 667, 2016, 83–103.
[Gr] Grigor’yan, A.: Isoperimetric inequalities and capacities on Riemannian manifolds. The
Maz’ya anniversary collection, Vol. 1 (Rostock, 1998), 139–153. - Oper. Theory Adv. Appl.
109, Birkha¨user, Basel, 1999.
[He] Heinonen, J.: Lectures on Analysis on metric spaces. - Springer Science+Business Media:
New York, 2001.
[IS1] Il’yutko, D.P. and E.A. Sevost’yanov: Open discrete mappings with unbounded co-
efficient of quasiconformality on Riemannian manifolds. - Sbornik Mathematics 207:4, 2016,
537–580.
[IS2] Il’yutko, D.P. and E.A. Sevost’yanov: Boundary behaviour of open discrete mappings
on Riemannian manifolds. - Sbornik Mathematics 209:5, 2018, 605–651.
[Ku] Kuratowski, K.: Topology, v. 2. – Academic Press, New York–London, 1968.
[Lee] Lee, J.M.: Riemannian Manifolds: An Introduction to Curvature. - Springer, New York,
1997.
[MRV] Martio, O., S. Rickman, and J. Va¨isa¨la¨: Distortion and singularities of quasiregular
mappings. - Ann. Acad. Sci. Fenn. Ser. A1 465, 1970, 1–13.
[MRSY] Martio, O., V. Ryazanov, U. Srebro, and E. Yakubov: Moduli in modern mapping
theory. - Springer Science + Business Media, LLC, New York, 2009.
[MSV] Martio, O., U. Srebro, and J. Va¨isa¨la¨: Normal families, multiplicity and the branch
set of quasiregular maps. - Ann. Acad. Sci. Fenn. Math. 24, 1999, 231–252.
ON EQUICONTINUOUS FAMILIES ... 17
[Pol] Poletskii, E.A.: The modulus method for non-homeomorphic quasiconformal mappings. -
Mat. Sb., 83(2), 1970, 261—272 (in Russian).
[Ri] Rickman, S.: Quasiregular mappings. – Springer-Verlag, Berlin etc., 1993.
[RS] Ryazanov, V. and E. Sevost’yanov: Toward the theory of ring Q-homeomorphisms. -
Israel J. Math., 168, 2008, 101–118.
[RV] Ryazanov, V. and S. Volkov: On the Boundary Behavior of Mappings in the Class W 1,1loc
on Riemann Surfaces. - Complex Analysis and Operator Theory 11, 2017, 1503–1520.
[SalSev] Salimov, R.R. and E.A. Sevost’yanov: The Poletskii and Va¨isa¨la¨ inequalities for
the mappings with (p, q)-distortion. - Complex Variables and Elliptic Equations 59:2, 2014,
217–231.
[Sev1] Sevost’yanov, E.A.: On the normality of families of space mappings with branching. -
Ukrainian Math. J. 60:10, 2008, 1618–1332.
[Sev2] Sevost’yanov, E.A.: On Equicontinuous Families of Mappings Without Values in Variable
Sets. - Ukrainian Math. J. 66:3, 2014, 404–414.
[Sev3] Sevost’yanov, E.A.: Local and boundary behavior of maps in metric spaces. - St. Peters-
burg Math. J. 28:6, 2017, 807–824.
[Sev4] Sevost’yanov, E.: On the equicontinuity of homeomorphisms with an unbounded charac-
teristic. - Mat. Trudy, 15:1, 2012, 178–204 (in Russian); English transl. in Siberian Advances
in Mathematics 23:2, 2013, 106—122.
[Sev5] Sevost’yanov, E.: On boundary extension of mappings in metric spaces in the terms of
prime ends. - Ann. Acad. Scie. Fenn. Math. 44:1, 2019, 65–90.
[SM] Sevost’yanov, E.A. and A.A. Markysh: On Sokhotski–Casorati–Weierstrass the-
orem on metric spaces. - Complex Variables and Elliptic Equations, published online
https://www.tandfonline.com/doi/full/10.1080/17476933.2018.1557155 .
[Va] Va¨isa¨la¨, J.: Lectures on n-dimensional quasiconformal mappings. - Lecture Notes in Math.
229, Springer-Verlag, Berlin etc., 1971.
Evgeny Sevost’yanov, Sergei Skvortsov
Zhytomyr Ivan Franko State University,
40 Bol’shaya Berdichevskaya Str., 10 008 Zhytomyr, UKRAINE
Email: esevostyanov2009@gmail.com, serezha.skv@gmail.com
Evgeniy Petrov
Institute of Applied Mathematics and Mechanics
of NAS of Ukraine,
1 Dobrovol’skogo Str., 84 100 Slavyansk, UKRAINE
Email: eugeniy.petrov@gmail.com
